February 13, 2013 2:25 



WSPC - Proceedings Trim Size: 9.75in x 6.5in mgbg 



1 



PL, 



OO 



X 



MASSIVE GRAVITY AS A LIMIT OF BIMETRIC GRAVITY 

PRADO MARTIN-MORUNO, VALENTINA BACCETTI, and MATT VISSER 

School of Mathematics, Statistics, and Operations Research 
Victoria University of Wellington 
PO Box 600, Wellington 6140, New Zealand 



C " ) ' Massive gravity may be viewed as a suitable limit of bimetric gravity. The limiting pro- 

£Nj ' cedure can lead to an interesting interplay between the "background" and "foreground" 

metrics in a cosmological context. The fact that in bimetric theories one always has two 
sets of metric equations of motion continues to have an effect even in the massive gravity 
limit. Thus, solutions of bimetric gravity in the limit of vanishing kinetic term are also 
solutions of massive gravity, but the contrary statement is not necessarily true. 



(N 

Massive gravity is the theory based on the consideration of a non- vanishing mass 
for the graviton. As is well-known, to construct such a mass term in the action one 
needs an additional two-tensor, /^„. Therefore, the dynamics of the "foreground" 
1 ■ metric, g^ v , depends on a "background" metric, f^ v , which is specified by the defi- 

^jr^, nition of the theory. On the other hand, in bimetric gravity the consideration of a 

spin-2 /-particle interacting with the metric g^ v is based on a dynamical / Mt/ . That 
is, the new metric also has a kinetic term. So one has two mutually interacting 
\ metrics with the same status, 

f ■ Due to recent developments in the fieloP^ we now know that a mass term which 



is a particular function of the square-root \/g~ x f is free of the the Boulware- 
I Deser ghostP Moreover, taking an interaction term of the same form in bimetric 

gravity leads also to a ghost-free theoryP Considering g^ v — rj AB a & v b and 
ffj, v = t]ab Wfi^Wv 5 , and assuming the condition® e^A wb^ = &^b wa^,, one can 
write the square root as 7 A V = e M A w A v Thus, the action of the ghost-free massive 
gravity theory can be expressed aJ^ 



Smg = -t^- F ; I d 4 xV^{R(g) + 2A-2m 2 L hlt ( 1 )}+S {m) , (1) 



16ttG 

where "S^m) describes the matter fields coupled to g^ and 

L int = e 2 (K)-c 3 e 3 {K)-c 4 e i (K), with K» v = 5» v --f v , (2) 
where the are the elementary symmetric polynomials, given by 

e 2 (K) = \ {[K] 2 - [K 2 ]) ; e 3 (K) = \ (\Kf - 3[K}[K 2 } + 2[K 3 }) ; 

e,(K) = 1 (\Kf - 6[K 2 ][K} 2 + 3[K 2 } 2 + 8[K][K 3 ] - 6[X 4 ]) ; (3) 

where [K] — jl . Therefore, the equations of motion for massive gravity are 

G% - A<P„ = m 2 T (cff) ^ + 8ttG T (m) ^, (4) 
with T^" 1 ^ denoting the usual stress energy tensor associated with Sr m \, 

T^ u =r^-8^L int , and ^ = / P ^ = ^^. (5) 



February 13, 2013 2:25 



WSPC - Proceedings Trim Size: 9.75in x 6.5in mgbg 



The interaction term therefore, leads to 

r = (ll) ~ 3)7 - 7 2 + c 3 (e 2 (Kh - e 1 (K) 1 ■K + 1 -K 2 ) 

+c 4 {e 3 (K)j - e 2 {K) 1 ■ K + ei(JC)7 • K 2 - 7 • K 3 ) . (6) 

One must also take into account the Bianchi inspired constraint: V /i T^ eff -' At ly = 0. 
As in bimetric gravity both metrics are dynamical quantities, the action is 

Sbg = Smg - / d 4 x {11(f) + 2 A} + e S (m) , (7) 

where <§( m ) is coupled to f^. Thus in addition to Eq. Q one has 

k {Q» v - A*"*) = m 2 T^ v + e%nGT^» u , with T"„ = -77=! T ' l v (8) 

Furthermore, both Bianchi inspired constraints are equivalent. 

It must be emphasized that whereas in massive gravity / M „ is non-dynamical, 
in bimetric gravity there are two sets of equations of motion independently of the 
particular limit that one considers. Thus, solutions of bimetric gravity are always 
more constrained than those of massive gravity. If one wants to recover massive 
gravity as a limit of bimetric gravity, it should be noted that the consideration 
of the limit of vanishing n and e in Eqs. (JTJ) and ©, leads to Sbg = Smg an d 
a constraint on the interaction term, respectively. While in contrast the limit of 
infinite k (and vanishing e) in Eq. ([5]) leads to a constraint on the background 
metric. In the second case, f ^ is no more externally specified, which is against the 
philosophy of the theory. Therefore, we conclude^ that the limit of vanishing k and 
e, that is of vanishing kinetic term, must be taken in bimetric gravity to recover 
massive gravity. Taking this limit in Eq. ([8]) implies „ = 0, which together with 
Eq. ([5]) leads to d\L m x_ = 0. Thus, the Bianchi inspired constraint can be written 
as d\Li nt = 0, which implies a modification equivalent to a cosmological constant, 
j"(eff)/^ _ _ A cff <5^„. Thus, the solutions of bimetric gravity in the limit of vanishing 
kinetic term are solutions of massive gravity in which the modification with respect to 
general relativity is equivalent to a cosmological constant. Therefore, it is of special 
interest to consider the cosmological solutions. 

For our present purposes, the metrics in a spherically symmetric situation can 
be written as^ 

g^u dx* dx v = S 2 dt 2 - N 2 dr 2 - R 2 dfl 2 (2) , (9) 

and 

f^y dx>* dx v = A 2 dt 2 ~ B 2 dr 2 - U 2 dfl 2 {2) , (10) 

where all the metric coefficients are functions of t and r. As has been shown in 
Ref. [TO] the solutions of the system given by r M „ = and d\L^ = are: 
• Conformally related metrics: 



f^ dx^ dx v = D dx^ dx u with D = 1 + — - 
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Here A e ff > if 03(1 — D) > 3. Thus we can describe a universe which is acceler- 
ating, with the physical metric having the same symmetry as the background. 

• Conformally related sections: 

f^dx^dx" = D 2 S 2 (r, t) dt 2 - D 2 N 2 (r, t) dr 2 — D 2 R 2 (r, t) e£Q( 2 ) , (12) 
with D and D such that both D = -g±£fe^±g and c 4 - -i-^+ffig-i) 2 -^ 

cs{D— 1)+1 * [D—iy 

This solution has A e g > if c%(D — 1) > — 1. 
For massive models with C4 = — 3/4 c§ there are two additional solutions^ with 
A c ff < 0. However, they have particular interest because they allow us to consider 
different cosmological metrics related by some unconstrained arbitrary functions. 
In particular, these solutions are: 

• Independent f rr : We can obtain FLRW solutions if the theory specifies 

f^dx^dx" = D 2 a 2 (t)dt 2 - B 2 (r,t)dr 2 ~ D 2 a 2 (t) r 2 dfi( 2 )> ( 13 ) 

where B(r, t) is an arbitrary function which can be a function of a(t) or not, and 
a(t) is the scale factor fulfilling the Friedmann equation of the physical space. On 
the other hand, if the theory is formulated with a FLRW background, then we 
can obtain isotropic or anisotropic cosmologies given by 

g^dx»dx v = a 2 {t)/D 2 dt 2 - N 2 (r, t) dr 2 — a 2 (t) r 2 / D 2 dft 2 2 ^ . (14) 

• Independent f rr : Similar behavior as in the previous case, with the unconstrained 
function now in the temporal part. 

Finally, it must be emphasized that there are, of course, more cosmological 
solutions of massive gravity. The solutions described in this contribution are only 
the cosmological solutions of massive gravity continuous in the parameter space of 
the theory, if one insists on the desirability of this theory coming from a particular 
limit of bimctric gravity. 
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